































































Lazy Data Structures


































































Average analysis of algorithms
without sacrificingworst case robustness

Amortized analysis average in hindsight

Randomized algorithms average over random bits

Both are very practical different perspectives


































































Incrementing Binary Counters

itt Vincrementi

In bits 0 1 10 11 100 101

Running time of it


































































Incrementing Binary Counters

itt Vincrementi

In bits 0 1 10 11 100 101

11111111111111111111111111111111

100000000000000000000000000000000

K bits K flips not constant time

from i l to n how many total flips


































































how often total
leastsignificant

1st bit every time

2nd bit every 2 times 1 4

3rd bit every 4 times 1 4

Kth bit every 2 times 42


































































how often total
I f itij every time n

2nd bit every2 times 1 25
0 1 10 11 100 101

3rd bit every 4 times 1 411111111111111111111111111111111
100000000000000000000000000000000

Kth bit every 2 times 12k

n increments On total time

each increment takes 04 on average

011 amortized time


































































howoften tot
I everytimeAmortized Analysis 2ndbit every2times I

3rd bit every4times L

G

T amortized time
Kthbit every2 times

n operations take O nT time

Extends to multiple operations 0Pa m OR

OR takes T amortized time OP2 takes m

OR takes Tk amortized time


































































howoften tot
I if everytime h

Ways to do amortized analysis 2ndbit everyatimes in

3rd bit every4times L

direct analysis like above Kthbit every2 times L

T amortizedtime
n operations take O nT time

Extendsto multipleoperations 0Pa m ORcredit schemes banker's method or takesT amortizedtime0Patakes
ORtakesTkamortized time

potential function


































































Credit schemes

Idea

Buy credits ahead of time to pay for work later

running time OCI Δ credit amortized time
netincrease


































































Credit schemes Idea Buy credits ahead of time to pay for work later

running time OCI Δ credit amortized time
netincrease

e.g for binary counters when incrementing

0 1 10 11 100 101
11111111111111111111111111111111 put 1 credit on first bit

00000000000000000000000000000000 credit on 2nd bit
how often total

I everytime n credit on 3rd bit
2nd bit every2 times 1 25

3rd bit every 4 times 1 4 credits on ith bit

2 credits totalKth bit every 2 times 12k

whenever we need to flip bit i we have already saved
1 cred it to pay for it


































































Credit schemes

Idea

Buy credits ahead of time to pay for work later

running time OCI Δ credit amortized time
netincrease

e.g for binarycounters whenincrementing
0 1 10 11 100101

Main rule
Pat 1 credit on first bit

only spend credits that
credit on andbit

howoften total
credit on 3rd bit

i
you already saved 3rdbit every4times was 42 1credits on ithbit

2 creditstotalK it every2kttimes 12k

whenever we need to flip bit i we have already saved
1 credit to pay for it


































































Potential method

Invent potential I

g
qqq

Amortized cost of operation

real time 112
changeinpotential


































































Potential method
potential

are.seAmortized cost of operation

real time Δ I 0 1 10 12 100,101
changeinpotential 11111111111111111111111111111111

100000000000000000000000000000000

howoften total
e g binary counter 1st bit everytime n

2nd bit every2times

3rd bit every4times Fbits set to 1
Kth bit every 2 times L

then for each increment

real time DI OCI

each bit reset to 0 paid by ΔI


































































howoften total
1st bit everytime n

2nd bit every2times

Ways to do amortized analysis 3rd bit every4times Is

Kth bit every 2 times L

direct analysis like above
T amortized time

Credit schemes banker method n operations take Ont time

Multipleoperations Ops OPK

put 1 credit onfirstbit ORtakesT amortizedtime0Patake me
crediton 2ndbit ORtakesTkamortizedtime
credit on 3rdbit

potential function method

bits set to 1


































































Array backed lists

I 2 n nt

Good OCD access by index

Bad Oln append


































































Doubling Trick

I 2 n nt

I 2 N Zn

M


































































Doubling Trick
1 2 n nt

1 2 n 2n
M

theorem w doubling trick arraylist has

lookup in 0 1

append in OLD amortized


































































theorem w doubling trick arraylist has

lookup in 0 1

append in OLD amortized

Proof

Doubling Trick
1 2 n nt

1 2 n 2n
M




































































































































































































Search trees

10
Organizes keys

5 15
in a tree

2 8 12 2 1

17Invariant 6 9

19
a node's is

any in left subtree

any in right subtree


































































Invariant
a node's is 10

any in left subtree
5 15

any in right subtree
2 8 12 2 1

17
6 9

19

Leads to operations like

is a given key in the set

what is the first key
list all keys between x and y

how many keys are between x and y


































































does the tree contain 7

10

5 15

2 12 21

1 17
9

To 19


































































list all keys between 7 and 18

10

5 15

Big

17

I
would

18be here
would
be here


































































how many keys are between S and 25

4 15
É a

1 1 1 1 17
26 9

in

if we write down nodes in each

subtree then faster


































































10

5 15

2 4 12 21

17
6 9

Yo 19

operations take time proportional
to the height of a tree



































































































































10

5 15

2 8 12 21

1 17
6 9

7 19

Most natural method for insertion is as leaves

search for where the key would be and put it there


































































I insert 1,2 3 4 5 6,7
2

imbalanced
3

4

s

6

7


































































I

z

3 insert 1 2 3 4 S 6,7
4
s imbalanced

7

How to keep a tree balanced

AVL trees typically covered in
UG data structures

Red black trees

Today we will be very lazy


































































write down nodes in each subtree

10
9

55 4 15

2 2 3 8 12 1 3 21

1 1 1 1 17
2

6 9

in


































































If we detect big imbalance

100
50

in one in other
subtree 2 subtree

rebuild entire subtree optimally

choose median to be root of subtree recurse linear time







































If we detectbig imbalance

Lemma height is O log n no
so

always

Eithne 2x hairether

rebuildentiresubtreetree optimally
choosemediantoberootofsubtreerecurse lineartime

Theorem Insertion takes O log n
amortized time



Deletions remove key from BST

Old fashioned way

search for key

If key is not a leaf
fchaos

I



8

Lazy idea mark node as deleted

if 250 marked for deletion

rebuid optimally



if

Lazy idea mark node as deleted

if 250 marked for deletion

rebuild optimally



If we detectbig imbalance

8100
SO

I 8
Ya't 2x agreedher Lazy idea mark node as deleted

if 250 marked for deletion
rebuildentiresubtreetree optimally

rebuild optimallychoosemediantoberootofsubtreerecurse lineartime

Theorem lazy insertion and lazy deletion take

OClog n amortized time



heorem lazy insertion and lazy deletion take

log n amortized time Is wedetectbigimbalance

100 so

IEEE 2xEaterher

rebuildentiresubtreetreeoptimally

7010
woman

I

Lazy idea marknode as deleted
if 250 markedfordeletion

rebuildoptimally





Immutable data structures

Once something is written never changes

Restrictions bring benefits

no side effects

simplifies concurrency

helps compiler



Immutable data structures

Once something is written never changes

Bestrictionsbringbenefits
no side effects

simplifies concurrency
helpscompiler

linked liste g



Editing objects by copying

small change copy whole object

a 0 9 0

6 0 6 X



what about deep objects

a 0 9 0

6 0 6 X

4 4 1

T



Stacks Queues

a

U



Immutable stacks

just a linked list



Immutable queues

I

IN OUT



S
e t t

a

d d
1

6

at t a
b r f

e
a d f I s
IN OUT IN OUT



S
e

a

d 1
6

6

a

IN OUT IN OUT

Theorem insertion deletion take 0C amortized


